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Numerical Simulation of  Natural Convection 
in Annul i  with Internal Fins 

Man Yeong Ha*, Joo Goo Kim 
School o f  Mechanical Engineering, Pusan National University, 

San 30, Chang Jeon Dong, Kuem Jeong Gu, Pusan 609-735, Korea 

The solution for the natural convection in internally finned horizontal annuli is obtained 

by using a numerical simulation of time-dependent and two-dimensional governing equations. 

The fins existing in annuli influence the flow pattern, temperature distribution and heat transfer 

rate. The variations of the fin configuration suppress or accelerate the free convective effects 

compared to those of the smooth tubes. The effects of fin configuration, number of fins and ratio 

of annulus gap width to the inner cylinder radius on the fluid flow and heat transfer in annuli 

are demonstrated by the distribution of the velocity vector, isotherms and streamlines. The 

governing equations are solved efficiently by using a parallel implementation. The technique is 

adopted for reduction of the computation cost. The parallelization is performed with the domain 

decomposition technique and message passing between sub-domains on the basis of the MPI 

library. The results from parallel computation reveal in consistency with those of the sequential 

program. Moreover, the speed-up ratio shows linearity with the number of processor. 
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1. In troduct ion  

There are many studies for the natural con- 

vection in the annuli with constant surface tem- 

peratures due to both their theoretical interests 

and engineering applications such as the storage 

system of thermal energy, cooling system of elec- 

tronic and mechanical parts, cooling of electric 

transmission cable, etc. Kuehn and Goldstein 

(1970, 1976 and 1978) carried out an experi- 

mental and theoretical study for the natural con- 

vection in the annulus in concentric and eccen- 

tric horizontal cylindrical annuli. They also con- 

sidered the effects of Prandtl number and diame- 

ter ratio on the fluid flow and heat transfer in 

annuli. After this study, Glakpe et a1.(1986), 
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Glakpe and Watkins (1987), Hessami et al. 

(1984), Ho et a1.(1989), Kumar (1987), Mirza 

and Soliman (1985), Sui and Tremblay (1984), 

Yang et a1.(1988), Yoo (1996) and Van de Sande 

and Hamer (1979) carried out the experimental 

and numerical studies to investigate the effects 

of configuration, boundary conditions, fluid pro- 

perties and transient responses on the natural 

convection in the concentric and eccentric annuli. 

The size and efficiency of this system is deter- 

mined how much amount of heat is transferred 

from the inner to outer cylinder, where the main 

mode of heat transfer is natural convection. 

The previous study shows that the heat transfer 

rate in the horizontal annuli is limited by the 

surface area of inner cylinder. Thus, the fins are 

attached on the inner surface of annuli along 

the longitudinal direction to increase the surface 

area and heat transfer rate. Chai and Patankar 

(1993), Desrayaud et al.(2000), Patankar et al. 

(1979) and Rustum and Soliman (1990) inves- 

tigated the effects of fins attached on the inner and 

outer cylinders on the fluid flow and heat transfer 
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in annuli by analyzing the results obtained from 

the numerical solution of two-dimensional and 

steady state governing equations. The presence 

of fins in annuli gives different characteristics of 

fluid flow and resulting heat transfer, compared 

to the case without fins. In the present study, we 

investigate the detail fluid flow and heat transfer 

characteristics in the presence of fins on the inner 

cylinder. The effects of fin geometry, number of 

fins and ratio of the annulus gap to inner radius 

on the natural convection in annuli are consi- 

dered. The results with fins are compared with 

those without fins to see the effects of the presence 

of fins. The computation is carried out using the 

parallel computational techniques under MPI 

(Message Passing Interface). 

2. Computational Methodology 

The schematic of two-dimensional annuli with 

fins on the inner surface and the coordinate sys- 

tem is shown in Fig. 1. The system consists of 

two concentric cylinders with inner and outer 

radii, Ri and Ro, respectively. The fins, whose 

height is L / 2  where L = R o - R i ,  are attached 

on the surface of inner cylinder. The thickness of 

fins is neglected in the present calculation. The 

inner cylinder wall is kept at a constant high 

temperature of rh, whereas the outer cylinder 

wall at a constant low temperature of Tc. In this 

study, we assume that the radiation effects can 

be taken to be negligible. The fluid properties 

are also assumed to be constant, except for the 

density in the buoyancy term, which follows the 

Boussinesq approximation. The gravitational ac- 

celeration acts in the negative y-direction. Thus, 

in the present study, we observe the fluid flow 

and thermal fields for the natural convection in 

annuli with fins on the surface of inner cylinder. 

We solve the continuity, Navier-Stokes and 

energy equations in their non-dimensional  forms 

defined as 
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Schematic of two-dimensional annuli with 
fins on the inner surface and the coordinate 
system 

The dimensionless variables in the above equa- 

tions are defined as 

t* a r* u * L  u ~ L  
t =  L 2 '  r = L "  Ur-- - -  - -  a , u o -  a 

(5) 
P * L  2 T -  Tc 

P =  0 =  pa  z ' T h - T c  

In the above equations, p, T and a, represent 

the density, dimensional temperature and thermal 

diffusivity. The superscript * in equation (4) 

represents the dimensional variables, ur, Uo, P, 
~), t, r and 0 are the non-dimensional  radial 

velocity, circumferential velocity, pressure, tem- 

perature, time, radial coordinate and circumferen- 

tial coordinate. The above non-dimensionali-  

zation results in two dimensionless parameters: 
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P r  = v~ and Ra =gt3La( T h -  Tc) where v, g 
a va  

and /~ are the kinematic viscosity, gravitational 

acceleration and volume expansion coefficient. 

In the simulations to be reported here the Prandtl 

number, Pr, has been taken to be 0.7 corre- 

sponding to that of air. The Rayleigh number, 

Ra, varies in the range of l0 s -  106. 

A spectral mult i-domain methodology is used 

to consider the fins attached on the surface of 

inner cylinder. The spatial diseretization in radial 

( r )  and circumferential (0) directions is per- 

formed using a spectral mult i-domain techni- 

que. In this technique, the overall computational 

domain is subdivided into a number of smaller 

sub-domains. Within each sub-domain, a local 

spectral Chebyshev discretization is defined. 

The discrete approximation of derivatives at each 

point in a domain utilizes only points within the 

same domain. The detail explanation for the a 

spectral multi-domain technology is given in 

Parker (2002). Figure 2 shows the computational 

geometry involving 6 subdomains in the r - -O 
plane, with each subdomain resolved up to 16X 

30 points. A two-step time-split scheme is used 

to advance the flow field. First the velocity is 

advanced from time level "n' to an intermediate 

level by solving the advection-diffusion equation. 

In the advection-diffusion step, the nonlinear 

terms are treated explicitly using third-order 

Adams-Bashforth scheme. The diffusion terms 

are treated implicitly using Crank-Nicholson 

scheme. Then a Poisson equation for pressure is 

solved fully implicitly. The final divergence-free 

velocity field at ' n + l '  is obtained with a pres- 

sure-correction step. After obtaining the velocity 

field, the temperature field is advanced in a simi- 

lar manner with third-order Adams-Bashforth 

for the advection term and Crank-Nicholson 

scheme for the diffusion term. Once the velocity 

and temperature fields are obtained, the local, 

surface-averaged, and time- and surface-avera- 

ged Nusselt number at the inner and outer 

cylinder wails are defined as 

dDh 86) w~u 
N u =  ki  - a ~  (6) 

1 t _ _  
1 r2n > = ~ f o , N u d t  Nu=T~Jo NudO < N u  

where h, Dh, k, n and te are the heat transfer 

coefficient, hydraulic diameter, thermal conduc- 

tivity, normal direction to walls and time integra- 

tion period, respectively. All time-averages to be 

reported here are obtained by averaging only over 

the stationary state (the initial transient phase is 

ignored). For the velocity field, the no-slip and 

no-penetration boundary conditions are imposed 

on the walls. The cold wall temperatures of ~9= 

0 is imposed on the outer cylinder wall, whereas 

the hot wall temperatures of 19=1 on the inner 

cylinder wall and fins. 

The developed computer code is parallelized 

based on the MPI (Message Passing Interface) to 

increase the computational speed. Table 1 shows 

the specification of the computer hardware and 

MPI libraries used for the parallelization of 

the developed code. We used the virtual topo- 

logy method in the MP1 programming technique. 

In the virtual topology method, the processors 

Fig .  2 Computational geometry and mesh used 

Tabl ,  1 Specification of PC Cluster used 

Hardware 

CPU Dual Intel Pentium !11 550 MHz 

Memory 512 Mbytes SDRAM 

LAN-Card 

Switch 

Universal, 64/32-bit, 66/33 MHz, 
Myrinet-LAN 

16-port Myrinet-LAN switch 

OS Alzza linux 6.1, MPICH-I.2.1 
software 

Parallel 
MPICH-I.2.1 

Application 
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used in the parallel computation are arranged 

virtually in two- or three-dimensional way and 

have their own independent coordinates. Using 

this method, we can make the programming for 

the data exchange between the processors during 

the parallel computing easier and manage flexibly 

the change in the number of processors used in 

the parallel computing. The two-dimensional 

virtual topology method is used in the present 

study. The number of processors used is 12 in 

the streamwise direction and 2 in the cross- 

streamwise direction, respectively. The same num- 

ber of grid points is allocated to each processor. 

In order to perform the fast and highly efficient 

calculation in the parallel computation, the 

computation time allocated to each processor is 

equally distributed and the boundary values be- 

tween the adjacent processors should be treated 

very carefully. The direct solver is used in the 

present calculation to obtain the solution for the 

discretized algebraic equations. We also used the 

influence matrix method to exchange the comput- 

ed results at the interface between the adjacent 

processors and to obtain the continuous values 

for the dependent variables of velocities, pres- 

sure and temperature at the interface. The com- 

putation time is decreased almost linearly to the 

number of processors used in the present calcula- 

tion. 

3. Results  and Discuss ion  

For the purpose of code validation, the natural 

convection problem in annuli without fins was 

tested for different values of Rayleigh number and 

ratio of the annulus gap to inner radius ( a ~ - L /  

Ri). Table 2 shows the surface-averaged Nusselt 

numbers at the inner and outer cylinder walls, 

Nui  and Nuo for different a values when R a  = 

104. The surface-averaged Nusselt number, N u ,  

in Table 2 is defined by normalizing its value 

using conduction-limited Nusselt number, Nuc. 

The present computational results are compared 

with the experimental ones obtained by Kuehn 

and Goldstein (1976) and the computational ones 

by Yoo (1996). Figure 3 shows the comparison 

of present results for the local Nusselt numbers at 

the inner and outer cylinder walls as a function of 

8 with experimental results given by Kuehn and 

Goldstein (1976) when a=0.625 and R a = 4 . 7 ×  

104. Figure 4 shows the comparison of present 

results for the local Nusselt numbers at the inner 

and outer cylinder walls as a function of ~ with 

computational results given by Yoo (1996) when 
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• Kuehn & Goldsteln exp. on inner cyl, 
• Kuehn & Gotdstein exp. on outer cyl 

\ .......... Present simulation on inner cyl. 
~ ~  Present simulation on outer cyl.  

~ . . m . , . - , = . - , . _ M . _ . . . ,  = . . . . .  
...am," 

. ~ . r " "  • 

50 100 150 
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Comparison of the local Nusselt number at 
the inner and outer cylinder walls as a func- 
tion of 0 with experimental results when a = 
0.625 and Ra-~4.7 × 104 

Table 2 Surface-averaged Nusselt number at the inner and outer cylinder wall for different a values when 
Ra = 10 4 

Present Goldstein (1976) Yoo (1996) 
d 

(Nue/Nuc, Nuo/Nuc) (Nul/Nuc, Nuo/Nu~) (NudNu~, Nuo/Nu~) 

0.25 (2.110, 2.076) (2.148, 2.157) (2.082, 2.109) 

0.5 (2.044, 2.004) (2.061, 2.059) (2.022, 2.037) 

0.625 (1.994, 1.952) (2.010, 2.005) (1.973, 1.985) 

1.0 (1.857, 1.811) (1.850, 1.853) (1.837, 1.848) 
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o'----0.625 and R a = 4 ×  I0 s. The streamlines and 

isotherms obtained from the present computation 

are also compared with those by Yoo (1996), 

giving excellent agreement between them. All 

these comparisons show that the present com- 

putational results for the natural convection in 

annuli without fins represent well the experiment 

results obtained by Kuehn and Goldstein (1976) 

and the computational results by Yoo (1996), 

showing the excellent agreement among them. 

Figure 5 shows the schematic for different fin 

arrangements of ' + '  and 'x'-shapes in annuli to 

investigate the effects of fin arrangement on the 

fluid flow and temperature distribution in the 
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Comparison of the local Nusselt number at 
the inner and outer cylinder walls as a func- 
tion of 0 with Yoo's calculation results when 
o'=0.625 and R a = 4 x  10 a 
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Fig. 5 

enclosure when o.-- 1 and R a  = 104- 106. Figure 6 

shows the streamlines and isotherms for the dif- 

ferent fin arrangement at the Rayleigh numbers 

of 104 , l0 s and 106 . When Ra=104  and the fins 

have a '+ ' - shape ,  the fluid (air) at the lower part 

is heated by heat transfer from the hot inner 

cylinder and the bottom fin and moves upwards 

along the surface of inner cylinder. If the fluid 

meets the second fin located at the center of the 

annuli, the fluid is forced to bend and moves 

along the fin. The fluid at the upper part keeps 

moving upward along the surface of inner 

cylinder and top fin due to the continuous heating 

by heat transfer from the second and third fins 

and the inner hot cylinder. If the ascending flow 

meets the cold outer cylinder, it changes its direc- 

tion and moves downwards along the outer cold 

wall. Due to the presence of fins, we can observe 

two almost closed circulating bubbles, compared 

(a) Streamlines and isotherms at Ra=104 

1_~ (b) Streamlines and isotherms at Ra=105 

(c) Streamlines and isotherms at Ra 10 8 

Fig. 6 Streamlines and isotherms for different fin 
Schematic for different fin arrangements of arrangement at the Rayleigh number of 10 4, 
' + '  and "x'-shapes in annuli 10 5 and 10" 
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to a single bubble for the case of the natural 

convection in annuli without fins at Ra=104. 

The distribution of isotherms generally follows 

the flow fields. The isotherms rotate in the 

clockwise and counterclockwise directions in the 

right and left sides of the enclosure, respectively. 

When R a  = 10 4 and the fins have a 'x'-shape, the 

distribution of streamlines and isotherms is dif- 

ferent form that with '+ ' - shaped  fins. At the 

bottom part of the enclosure, the outer cylinder at 

a constant low temperature is located at the lower 

part relatively in the vertical (gravity) direction 

than the inner cylinder at a constant high temper- 

ature. Thus the fluid in between the inner and 

outer cylinders at the lower part is in a stable 

condition and is almost stagnant. The mode of 

heat transfer is conduction and the isotherms are 

almost parallel to the horizontal direction. The 

fluid in between the first and second fin for the 

case of 'x'-shaped fins is heated by heat transfer 

from the hot inner cylinder and fins, and moves 

upwards along the surface of inner cylinder, sim- 

ilar to the flow for the case of '+ ' - shaped  fins. 

If the ascending fluid along the inner cylinder 

meets the second fin at the upper part, the flow 

keeps moving upwards along the lower part of 

the second fin, changes its direction after it meets 

the cold outer cylinder, moves downwards along 

the outer cold wall, and forms closed large 

vortices. Thus the isotherms in between the first 

and second fin for the case of 'x ' -shaped fins also 

follows the flow and have the similar shape to 

that of ' + ' - shaped  fins. At the top part of enclo- 

sure, the outer cylinder at a constant low temper- 

ature is located at the upper part relatively in 

the vertical (gravity) direction than the inner 

cylinder at a constant high temperature, which is 

opposite to the bottom part of enclosure. Thus 

the fluid in between fins at the top part is in an 

unstable condition and shows the pattern similar 

to the fluid flow and heat transfer for the case of 

Rayleigh-Benard convection in the horizontal 

rectangular enclosure. The fluid flow forms two 

pairs of roll ceils circulating in the clockwise 

and counterclockwise direction and isotherms 

have a mushroom shape at the top part of enclo- 

sure. From these results, we can deduce that the 

streamlines and isotherms in the annuli with 

'+ ' - shaped  fins have generally the similar char- 

acteristic to those in the vertical rectangular 

enclosure. However, the characteristics of strea- 

mlines and isotherms in the annuli with 'x ' -  

shaped fins are divided into three regions. At the 

bottom region of enclosure, the distribution of 

streamlines and isotherms is similar to that for the 

case of horizontal rectangular enclosure with a 

lower plate at the low temperature and an upper 

plate at the high temperature. The shapes of 

streamlines and isotherms in the region between 

the first and second fin are similar to those for 

the case of vertical rectangular enclosure. At the 

top region of enclosure, the pattern of streamlines 

and isotherms is similar to that for the case of 

horizontal rectangular enclosure with a lower 

plate at the high temperature and an upper plate 

at the low temperature. 

When the Rayleigh number is increased to 105 

and the fins have a '+ ' - shape ,  the pattern of 

streamlines and isotherms is generally similar to 

that at R a = l O  4, as shown in Fig. 6(b).  How- 

ever, with increasing Rayleigh number, we can 

observe the development of boundary layers 

along the surfaces of inner and outer cylinders 

due to increasing heat transfer. The magnitude of 

velocity increases, thermal gradients at the hot 

inner and cold outer cylinders increase, and the 

core region in between the inner and outer 

cylinder is well mixed with decreasing thermal 

gradient. When Ra-----l0 s and the fins have a 'x '-  

shape, the shape of streamlines and isotherms at 

the bottom and in between the first and second 

fins of annuli is also similar to that for R a =  104. 

However, the pattern of streamlines and iso- 

therms at the top region of annuli for Ra=105  is 

different from that for R a =  104. With increasing 

Rayleigh number, the size of roll cell becomes 

wider in the circumferential direction since the 

number of roll cells in the circumferential direc- 

tion suffers a quantum jump from two pairs of 

rolls at R a  = 104 to one pair at R a  = l0 s. Corre- 

sponding change can be seen in the isotherms also 

well. 

For Ra<105,  the flow is steady and corres- 

pondingly isotherms and streamlines are time- 
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invariant for both cases with ' + '  and 'x'-shaped 

fins in the annuli. However, when R a  =106 and 

the fins have a '+ ' - shape ,  the fluid flow and 

temperature fields in the annuli become time- 

dependent like the case for the annuli without 

internal fins at the same Rayleigh number. Thus 

the isotherms and streamlines in Figure 6(c) 

show the time-averaged temperature and velocity 

fields. With increasing Rayleigh number, we can 

observe the secondary and tertiary flows in the 

annuli with larger temperature gradients near the 

inner and outer cylinder surfaces and lower tem- 

perature gradients in the core region in between 

the inner and outer cylinders. However, when 

R a = 1 0  6 and the fins have a 'x'-shape, the fluid 

flow and temperature fields in the annuli are 

still t ime-invariant like both cases of ' + '  and 

'x'-shaped fins at R a <  l0 s and unlike the case of 

'+ ' - shaped  fin at R a = 1 0  6. The shapes of fluid 

flow and temperature fields at the bottom, middle 

and top parts in the annuli are divided into three 

different regimes of conduction in the horizontal 

enclosure, natural convection in the vertical en- 

closure and natural convection in the horizontal 

enclosure, due to the presence of 'x'-shaped fins. 

At the middle part between the first and second 

fins of annuli, we can observe the development of 

thin boundary layer, strong temperature gradients 

along the cylinder surfaces and an almost uniform 

temperature gradient along the circumferential 

direction in the interior region. At the top part of 

annuli, the shapes of streamlines and isotherms 

at R a = 1 0  ~ are similar to those at R a = 1 0  s with 

a pair of roll cell vortices and mushroom-shaped 

isotherms. However, with increasing Rayleigh 

number, the magnitude of velocity become larger, 

resulting in the larger thermal gradient at the 

walls and smaller gradient in the core region. 

Figure 7(a) shows local Nusselt number dis- 

tribution along the surfaces of inner cylinder 

with '+ ' - shaped  fins for different Rayleigh 

numbers of 10 4 and l0 s. The local Nusselt number 

is normalized by the average Nusselt number for 

conduction between two cylinders. The local 

Nusselt number has the highest value at the tip 

of bottom fin, because the cold fluid impinges 

on the hot fin at the bottom. This is confirmed 

by the densely packed isotherms around bottom 

fin tip, as shown in Figure 5. When fluid moves 

toward the fin base from the tip, flow loses 

momentum due to the wall resistance. Thus in the 

regions near the fin bases the fluid is actually 

stagnant and the fluid temperature is almost 

close to the wall temperature of fin and inner 

cylinder, resulting in a near-zero local Nusseit 

number: When we move away from the fin bases 

at the middle and top parts, it gains momentum, 

resulting in the increase in the velocity and local 

Nusselt number (heat transfer) and reaching a 

maximum value at the tip. When the fluid moves 

away from the fin base along the inner cylinder, 

3O 

10 ~ 

10 ~ 

2O 

"-.15 

10 

o J 
(a) Inner cylinder 

Fig. 7 

1 "-i 2 / 

J ,1~ ,...sps 

(b) Outer cylinder 

Local NusseLt number distribution along the 
surfaces of inner and outer cylinder with 
'+'-shaped fins for different Rayleigh num- 
ber of 104 and l0 s 
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the local Nusselt number increases due to the 

flow impingement on the inner cylinder and the 

momentum gain. However, when the fluid moves 

toward the next fin base along the inner cylinder 

the local Nusselt number decreases again due to 

the above-mentioned reason. Figure 7(b) shows 

local Nusselt number distribution along the 

surfaces of outer cylinder with '+ ' - shaped  fins 

for different Rayleigh numbers of 104 and l0 s. 

At the top of outer cylinder, the local Nusselt 

number has the highest value due to the im- 

pingement of downward flow on the outer cy- 

linder. When fluid moves downwards along the 

outer cylinder from the top in the bay 2 the local 

Nusselt number decreases due to the development 

of thermal boundary layer. At the location close 
3O 

to the middle fin, the local Nusselt number in- | 

creases slightly due to another flow impingement 
on the outer cylinder caused by the recirculating 25 10.___~_ ~ 

104 
flow in the bay 1. When we move downwards . . . .  

20 
along the outer cylinder in the bay 1, the local 

Nusselt number keeps decreasing with the devel- '-1~'15... 

opment of thermal boundary layer and reaches ~- 

almost the constant minimum value. As expect- " 1 
1 0 -  -- 

ed, the local Nusselt number increases with 

increasing Rayleigh number due to increasing 
velocity. 5 

Figure 8(a) shows local Nusselt number di- . '~,,~ j 

stribution along the surfaces of inner cylinder 

with 'x'-shaped fins for different Rayleigh num- 5 

bers of 104 and l0 s. The shape of local Nusselt 

number distribution along the surface of inner 
4 cylinder for the case with 'x'-shaped fins is gen- 

erally similar to that with ' + ' - shaped  fins. The 

local Nusselt number has the highest peak values ~ 3 

at the fin tips and near-zero values around the 1~ 

fin bases. The local Nusselt number decreases .~  2 
with the momentum gain as fluid moves away 

from the fin bases, whereas it decreases with the 

momentum loss due to the wall friction as fluid 1 

moves towards the fin bases. Figure 8(b) shows 

local Nusselt number distribution along the 0 

surfaces of outer cylinder with 'x'-shaped fins for 

different Rayleigh numbers of 104 and l0 s. The Fig. 8 

local Nusselt number at the outer cylinder has 

the highest value around the top due to the 

impingement of hot fluid on the outer cylinder. 

The local Nusselt number for 'x'-shaped fins 

decreases along the surface of outer cylinder when 

we move downwards along the outer cylinder 

from the top fin to the bottom of annuli, similar 

to that for ' + ' - shaped  fins. However, when R a =  

104, two pairs of vortices are formed at the top 

part of annuli. Due to the presence of two pairs of 

vortices, when we move from the top fin to the top 

part of annuli, the local Nusselt number keeps 

decreasing until it reaches the lower peak value at 

the location of downwelling plume and then 

increases again. The number of roll cells at the 

top part suffers a quantum jump from two pairs of 

rolls at Ra=104  to one pair at R a = 1 0  s. Thus 

G 
2 

(a) Inner cylinder 

3 

10, 

(b) Outer cylinder 

Local Nusselt number distribution along the 
surfaces of inner and outercylinder with 'x' 
shaped fins for different Rayleigh number of 
104 and 105 
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the local Nusseh number at R a  =105 keeps de- 

creasing as fluid moves from the fin tip to the top 

part of annuli, unlike to the case of R a  = 104. 

Figure 9 shows the time history of surface- 

averaged Nusselt number at the inner cylinder 

for different cases with and without fins at R a  = 

108. For the case of 'x'-shaped fins, the fluid 

flow and temperature fields in the annuli are 

time-independent as shown in Figure 6, giving 

the steady surface-averaged Nusselt number. 

However, for the cases without fins and with 

'+ ' - shaped  fins, the surface-averaged Nusselt 

number becomes time-dependent with time- 

varying fluid flow and temperature fields. The 

surface-averaged Nusselt number for the case 

without fins is regularly repeated in a periodic 

fashion with a period of 0.005 dimensionless 

times. However, the local Nusselt number for the 

case with 'x'-shaped fins oscillates in a chaotic 

pattern with higher amplitude compared to the 

case without fins. Table 3 shows the surface- 

and time-averaged Nusselt numbers, ( N u l l ,  at 

the inner cylinder wall for different Rayleigh 

numbers when cr=2. The present computational 

results for ' + ' -  and 'x'-shaped fins are compared 

with those without fins. The values of Nusselt 

number for the cases with fins are less than those 

without fins, due to the flow resistance in the 

presence of fins. The Nusselt number for the case 

finless 
+ type 

type 
:[ 

4.5012 

Fig. 9 

I I 
0.4 0.6 

D i m e n s i o n l e s s  t i m e  

Time history of surface-averaged Nusselt 
number at the inner cylinder for different 
cases with and without fins at R a =  106 

with 'x'-shaped fins is slightly larger than that 

with '+ ' - shaped  fins, due to more active mixing 

on the top part for the case of 'x'-shaped fins 

compared to the case of ' + ' - shaped  fins. 

Figures 10 shows the velocity vectors and 

isotherms for the different fin numbers of N = 4 ,  

Table  3 Surface- and time-averaged Nusselt num- 
ber at inner cylinder wall for different 
Rayleigh number when cr=2 

+-type X-type finless 

(Nui/Nuc) (NuJNuc)  (Nul/Nuc) 

104 1.6822 1.7280 1.8332 

l0 s 2.9121 3.1033 3.3305 

106 5.1824 5.3418 5.7210 

Fig. 10 

(a) N = 4  

(b) N = 6  

(c) N = 8  

Velocity vectors and isotherms for the dif- 
ferent fin numbers of N=4 ,  6 and 8 when 
Ra=104 and 6=2 
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6 and 8 when Ra----10 4 and o'=2. When Ra----10 4, 

the characteristics of streamlines and isotherms 

in the annuli for N : 6  and 8 show three dif- 

ferent patterns, similar to those for N : 4  corre- 

sponding to the case of 'x'-shaped fins in Figures 

6 (a) and 10(a). The distribution of velocity vec- 

tors and isotherms at the bottom part is similar to 

the fluid flow and heat transfer for the case of 

stable horizontal rectangular enclosure with a 

lower plate at the low temperature and an upper 

plate at the high temperature, whereas velocity 

vectors and isotherms at the top part have a 

similar pattern to the case of unstable horizontal 

rectangular enclosure with a lower plate at the 

high temperature and an upper plate at the low 

temperature. The shapes of streamlines and iso- 

Fig. 11 

(b) N = 6  

(c) N = 8  

Velocity vectors and isotherms for the dif- 
ferent fin numbers of N=4 ,  6 and 8 when 
R a =  lO s and o'=2 

therms formed in the regions between the first fin 

at the lower part and last fin at the upper parts are 

similar to those for the case of inclined vertical 

rectangular enclosure. We can observe a closed 

single cell in each bay between the first fin at 

the lower part and last fin at the upper parts. 

A striking difference observed at the top bay 

in between fins located at the upper part is a 

quantum jump in the number of roll cells from 

two pairs when N----4 to one pair when N----6 

and 8 because the size of top bay decreases with 

increasing number of fins. When the Rayleigh 

number is increased to 10 s, the general pattern of 

velocity vectors and isotherms is similar to the 

case for R a = 1 0  4, showing three different shapes 

of fluid flow and heat transfer observed in the 

stable and unstable horizontal enclosures and the 

inclined vertical enclosure, as shown in Figure 11. 

Due to increasing magnitude of velocity with 

increasing Rayleigh number, thermal gradients at 

the hot inner and cold outer cylinders increase, 

and the core region enclosed by the fins and 

cylinders is well mixed with decreasing thermal 

gradient. The main differences are that the num- 

ber of roll ceils formed at the top bay of annuli  

is a single pair for all the cases of N----4 when 

R a = 1 0  5, unlike to two pairs of roll cells for 

N = 4  when R a = l O  4, because the size of roll 

cells becomes wider with increasing velocity. The 

~- 3 

12 

Fig. 12 

= R a  = 10  4 

R a  = 10  ~ 

= 

i I J 
4 6 8 10  
T h e  number of fins 

Surface-averaged Nusselt number at the in- 
ner cylinder for different number of fins at 
Ra=10  4 and 10 5 
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number  of  roll  cell for N = 6  and 8 at R a =  l0 s is 

one, which is the same as the case at R a = 1 0 4 .  We 

can also observe secondary corner  vortices formed 

around the base o f  fins at R a = 1 0  s, unl ike a 

single vortex formed in each bay between the first 

fin at the lower part and last fin at the upper parts 

at R a =  104. 

Figure  12 shows the surface-averaged Nusselt  

number,  Nu~, at the inner cylinder for different 

number  o f  fins at R a  = 104 and l0 s. N u i  decreases 

slightly due to increasing flow resistance with 

(a) 0"= 1 

(a) 0.=2 

(a) o '=3 

Fig. 13 

(a) 0"=4 

Velocity vectors and isotherms for the dif- 

ferent values of 0.= I --4 at R a =  l0 g 

increasing number  of  fins. N u i  at R a = 1 0  s is 

larger than that at R a = 1 0 4 ,  due to increasing 

velocity with increasing Rayleigh number.  

Figure 13 shows the veloci ty vectors and 

isotherms for the different values of  t Y = l ~ 4  at 

R a  = l0 s. The  size o f  annulus gap decreases with 

increasing o', resulting in increasing aspect ratio 

in each bay. The  velocity vectors and isotherms 

have generally similar  patterns for different values 

of  tr, which show the fluid flow and heat transfer 

characteristics cor responding  to the stable and 

unstable hor izontal  enclosures and inclined verti- 

cal enclosure as stated above. The  striking differ- 

ences observed by increasing the value o f  o" are the 

number  o f  roll  cells formed on the top bay. When 

t y = l  and 2, we can observe a pair  o f  roll  cells 

formed on the top bay. When o" is increased to 3, 

the secondary vortices are formed close to the 

main vortices. The  size o f  secondary vortices is 

small compared  to the main vortices, When t7-----4, 

the size of  secondary vortices increases to that o f  

main vortices, forming two pairs of  roll  cells on 

the top bay. In the inclined vertical  enclosure, we 

can observe closed main vortices formed in each 

bay with very small corner  vortices. The  size of  

corner  vortices in the inclined vertical  enclosure 

increases when we move from the bot tom to top 

bay. The magni tude of  velocity at the bot tom bay 

is very small. 

3.5  

2 .5  

2 0 

Fig. 14 

- No.  o f  f ins = 8 

= No.  o f f l n s  = 4 

I I I I I 
I 2 3 4 5 6 

c~ 

Surface-averaged Nusselt number at the in- 
ner cylinder as a function of 0. for different 
number of fins at R a = l O  s 
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Figure 14 shows the surface-averaged Nusselt 

number, Nui ,  at the inner cylinder as a function 

of  a for different number of fins at R a  = l0 s. With 

increasing tr, the size of annulus gap decreases 

and the flow resistance increases, resulting in 

decreasing Nui .  N u i  for the number of fins of 

N = 8  is larger than that for N = 4 ,  as explained 

previously. 

4. Conclusions 

We solved the unsteady natural convection 

problem in annuli with fins attached on the 

inner cylinders using an accurate and efficient 

Chebyshev spectral collocation approach and 

parallel  computing implementation. A multi-  

domain methodology is used to address the geo- 

metric complexity posed by the fins. The results 

for the case with internal fins are compared with 

those without internal fins, to see the effects of the 

presence of  fins. 

The configuration of  internal fins gives differ- 

ent fluid flow and heat transfer in annuli. When 

the fins have a ' + ' - s h a p e ,  the fluid flow and 

heat transfer in between fins are similar to those 

in the vertical rectangular enclosure. However, 

the natural convection in the annuli with 'x ' -  

shaped fins are generally divided into three 

regions corresponding to the fluid flow and heat 

transfer in the stable and unstable horizontal 

rectangular enclosures and in the inclined ver- 

tical rectangular enclosure. The values of Nusselt 

number with 'x ' -shaped fins are slightly larger 

than those with ' + ' - s h a p e d  fins. The Nusselt 

number decreases with increasing number of fins 

and ratio of the annulus gap to inner radius and 

increases with increasing Rayleigh numbers. 
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